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Abstract
Let p41 and O be a smoothly bounded domain in RN : This paper is concerned with a
Cauchy–Neumann problem
ðPÞ
ut ¼ Du þ up in O ð0; TÞ;
@u
@n
ðx; tÞ ¼ 0 on @O ð0; TÞ;
uðx; 0Þ ¼ u0ðxÞX0 in O:
8>><
>>:
We show that if u blows up at t ¼ T ; then
ðÞ juðtÞjNpCðT  tÞ1=ðp1Þ in ð0; TÞ
with some C40 under some condition on the Cauchy problem for the equation in (P). In
particular, ðÞ holds if ðN  1Þ2poNðN þ 2Þ:
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1. Introduction
We are concerned with the blowup rate of solutions for a Cauchy–Neumann
problem
ut ¼ Du þ up in O ð0; TÞ;
@u
@n
ðx; tÞ ¼ 0 on @O ð0; TÞ;
uðx; 0Þ ¼ u0ðxÞX0 in O;
8>><
>>:
ð1:1Þ
where p41; T40; O is a smoothly bounded domain in RN and u0ALNðOÞ:
Integrating (1.1) over O and using Jensen’s inequality, one can easily see that the
maximal existence time T of u in LNðOÞ is necessarily ﬁnite. We call T the blowup
time of u: It is wellknown by Giga and Kohn [4] that if ðN  2ÞpoN þ 2; then
juðtÞjNpCðT  tÞ1=ðp1Þ for tAð0; TÞ ð1:2Þ
with some C40 for solutions u of the Cauchy problem or the Cauchy–Dirichlet
problem for the equation in (1.1) in convex domains. The blowup satisfying (1.2) is
said to be of type I. It is shown that the blowup is type I for Cauchy–Dirichlet
problem in general domains if ppðN þ 3Þ=ðN þ 1Þ in Fila and Souplet [2]. Friedman
and McLeod [3] showed that under the Robin condition
@u
@n
þ au ¼ 0 on @O ð0; TÞ;
solutions exhibit type I blowup if O is a convex bounded domain, aX0 and Du0 þ
u
p
0X0 in O: In [7], the blowup of solutions u of (1.1) in a smoothly bounded domain
is proved to be of type I if po1þ 2=N or the equation is replaced by
ut ¼ dDu þ up in O ð0; TÞ
with sufﬁciently large d40:
On the other hand, Herrero and Vela´zquez [6] gave a solution of the Cauchy
problem which blows up in faster rate than (1.2) in the case of NX11 and
p4 Nþ2
ﬃﬃﬃﬃﬃﬃﬃ
N1p
N42 ﬃﬃﬃﬃﬃﬃﬃN1p ð4Nþ2N2Þ:
In [9], the following Liouville Theorem was obtained.
Theorem A. Let ðN  2ÞpoN þ 2 and v be a nonnegative solution in LNðRNÞ for all
tAðN; 0Þ of
vt ¼ Dv þ vp in RN  ðN; 0Þ: ð1:3Þ
If v satisfies
vðx; tÞpCðtÞ1=ðp1Þ in RN  ðN; 0Þ ð1:4Þ
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with some C40; then v 
 0 in RN  ðN; 0Þ or vðx; tÞ ¼ kðT0  tÞ1=ðp1Þ in RN 
ðN; 0Þ with some T0X0; where k ¼ ðp  1Þ1=ðp1Þ:
Combining results in [1,4] (or [10]), one see that if ðN  1Þ2poNðN þ 2Þ; then
Theorem A holds without assumption (1.4). The universal bound of blowup rate for
the Cauchy problem of (1.1) implies the validity of Theorem A without assumption
(1.4) as stated in [8]. They also obtained the universal bound for blowup solutions of
the Cauchy problem of (1.1) which are radially symmetric and nonincreasing with
respect to r ¼ jxj when ðN  2ÞpoN þ 2 and Np3:
Our purpose is to show the following result. We remark that the domain is not
necessarily convex there.
Theorem 1.1. Let O be a smoothly bounded domain in RN and ðN  2ÞpoN þ 2:
Assume that Theorem A is valid without assumption (1.4) for solutions in LNðRN 
ðN; 0ÞÞ: Then any solution u of (1.1) with u0c0 exhibits type I blowup.
Corollary 1.1. Let O be a smoothly bounded domain in RN : If ðN  1Þ2poNðN þ 2Þ;
then any solution u of (1.1) with u0c0 exhibits type I blowup.
Let u be a solution of (1.1). For bA %O; put
wbðy; sÞ ¼ ðT  tÞ
1
p1uðx; tÞ ð1:5Þ
with y ¼ ðT  tÞ1=2ðx  bÞ and s ¼ logðT  tÞ: Then the function w ¼ wb
satisﬁes
ws ¼ 1r divðrrwÞ 
1
p  1 w þ w
p in
S
sTosoN
ðObðsÞ  fsgÞ;
@w
@n
ðy; sÞ ¼ 0 on S
sTosoN
ð@ObðsÞ  fsgÞ;
wðy; sTÞ ¼ T
1
p1u0ðT
1
2y þ bÞX0 in ObðsTÞ;
8>>>><
>>>:
ð1:6Þ
where sT ¼ log T ; ObðsÞ ¼ e
s
2ðO bÞ ¼ ðT  tÞ1=2ðO bÞ and
rðyÞ ¼ 1
ð4pÞN=2
exp jyj
2
4
 !
:
Here we remark that
R
RN
rðyÞ dy ¼ 1: We deﬁne the energy E½wb corresponding to
(1.6) by
E½wbðsÞ ¼
Z
ObðsÞ
1
2
jrwbj2 þ f ðwbÞ
 
rðyÞ dy for sXsT ; ð1:7Þ
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where
f ðrÞ ¼ 1
2ðp  1Þr
2  1
p þ 1 r
pþ1 for rX0:
The argument to obtain the blowup rate in [4] is based on the decrease of E½wbðsÞ
with respect to s: However it is not valid in the case of Neumann boundary
condition, so their method does not work effectively. We make use of continuity
argument in order to prove our main theorem.
This paper is organized as follows: In Section 2, we show that if initial data is
large, then the blowup is of type I. Section 3 is devoted to investigation of the
behavior of solutions near blowup time. We consider an equivalent condition to type
I blowup in Section 4. Section 5 is concerned with the continuity of blowup time with
respect to initial data. A kind of stability of type I blowup is given in Section 6. In the
ﬁnal section, we complete the proof of the main theorem using results in the previous
sections.
Many results in Sections 3–6 were obtained for the Cauchy problem in [9,11]. The
difference from theirs is that boundary-integral terms, which cannot be ignored,
occur in crucial steps to estimate solutions w of (1.6). Our main task is to control
such boundary-integral terms carefully.
Throughout this paper, it is assumed that O is a smoothly bounded
domain in RN which may be nonconvex and that k denotes the constant in
Theorem A.
2. Case of large initial data
In this section, we consider the following problem:
ut ¼ Du þ up in O ð0; TÞ;
@u
@n
ðx; tÞ ¼ 0 on @O ð0; TÞ;
uðx; 0Þ ¼ lfðxÞ in O;
8>><
>>:
ð2:1Þ
where l40 and f is a positive function in C2ð %OÞ: We remark that no condition is
imposed on p41 in the following result.
Lemma 2.1. Let ul be the solution of (2.1) with blowup time Tl: Then there exists
l140 such that for lXl1
julðtÞjNpCðTl  tÞ1=ðp1Þ for tAð0; TlÞ
with some C40:
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Proof. Since f is a positive function in C2ð %OÞ; for 0oeo1 there exists le40
such that
Dfþ ð1 eÞlp1fpX0 in %O for lXle: ð2:2Þ
Putting Uðx; tÞ ¼ ðulÞtðx; tÞ  eulðx; tÞp for lXle; a straightforward calculation
yields
UtXDU þ pup1l U in O ð0; TlÞ:
Since U satisﬁes the Neumann boundary condition on @O and Uðx; 0ÞX0 in O from
(2.2), we see UX0 in %O ½0; TlÞ by the maximum principle. Namely, for lXle
it holds
ultXeu
p
l in
%O ½0; TlÞ
and hence
ulðx; tÞp 1eðp  1Þ
 1=ðp1Þ
ðTl  tÞ1=ðp1Þ in %O ½0; TÞ:
This completes the proof. &
3. Behavior of solutions near blowup time
The present section is devoted to investigation of the behavior of solutions of (1.1)
near blowup time.
Theorem 3.1. Assume that Theorem A is valid without assumption (1.4) for solutions
in LNðRN  ðN; 0ÞÞ: If a solution u of (1.1) exhibits type I blowup at t ¼ T ;
then it holds
ðT  tÞ
1
p1þ1jDuðtÞjN-0 ð3:1Þ
and
ðT  tÞ
1
p1þ
1
2jruðtÞjN-0 ð3:2Þ
as t-T :
Proof. In order to prove (3.1), we assume that there are e040; ftng with tn-T as
n-N and fangC %O such that
Mn 
 ðT  tnÞ
1
p1þ1jDuðan; tnÞjXe0 for all n: ð3:3Þ
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We may suppose, without loss of generality, that an-a as n-N for some aA %O:
Putting
vnðz; tÞ ¼ ðT  tnÞ1=ðp1ÞM1=pn
 uðan þ ðT  tnÞ1=2Mðp1Þ=ð2pÞn z; tn þ ðT  tnÞMðp1Þ=pn tÞ
in On  ðan; 0Þ; where On ¼ ðT  tnÞ1=2Mðp1Þ=ð2pÞn ðO anÞ and an ¼ ðT 
tnÞ1Mðp1Þ=pn tn; vn satisﬁes
vnt ¼ Dvn þ vpn in On  ðan; 0
for all n: Since u exhibits type I blowup, there exists C40 satisfying (1.2), so it
follows from (3.3) that
jvnðtÞjNpCe1=p0 in ðan; 0 for all n: ð3:4Þ
In the case of aAO; it follows from (3.4) that vn converges to some v in C
2;1
locðRN 
ðN; 0Þ as n-N taking a subsequence if necessary. Then it holds
vt ¼ Dv þ vp in RN  ðN; 0
and
jvðtÞjNpCe1=p0 in RN  ðN; 0:
Hence we have vðz; tÞ 
 0 or vðz; tÞ ¼ kðT0  tÞ1=ðp1Þ in RN  ðN; 0 for some
T0X0 by the hypothesis. On the other hand, we see jDvð0; 0Þj ¼ 1 since jDvnð0; 0Þj ¼
1 for all n: This is a contradiction.
In the case of aA@O; we may assume without loss of generality that a ¼ 0 and
ð0;y; 0;1Þ is the outward unit normal vector at 0. Since @O is smooth, there is a
smooth function c from a neighborhood N of 0 in RN1 to R such that cð0Þ ¼ 0;
rcð0Þ ¼ 0 and
@O- *N ¼ fðx0; xNÞ : xN ¼ cðx0Þ for x0ANg
and
O- *N ¼ fðx0; xNÞ : xN4cðx0Þ for x0ANg
for some neighborhood *N of 0 in RN : Deﬁne x ¼ FðyÞ ¼ ðF1ðyÞ;y;FNðyÞÞ by
FjðyÞ ¼
yj  yN @c
@yj
ðy0Þ for 1pjpN  1;
yN þ cðy0Þ for j ¼ N
8><
>:
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and CðxÞ ¼ F1ðxÞ ¼ ðC1ðxÞ;y;CNðxÞÞ: Take d40 sufﬁciently small
and put
aijðyÞ ¼
XN
k¼1
@Ci
@xk
ðFðyÞÞ@Cj
@xk
ðFðyÞÞ;
bj ¼ DCjðFðyÞÞ
for yABþd ð0Þ and
aijðyÞ ¼
aijðyÞ for yABþd ð0Þ;
ð1ÞdiNþdjN aijðy0;yNÞ for yABd ð0Þ;
(
bj ðyÞ ¼
bjðyÞ for yABþd ð0Þ;
ð1ÞdjN bjðy0;yNÞ for yABd ð0Þ
(
for 1pi; jpN; where dij denotes Kronecker’s symbol and Bþd ð0Þ ¼ fðy0; yNÞABdð0Þ :
yN40g and Bd ð0Þ ¼ fðy0; yNÞABdð0Þ : yNo0g: Deﬁne
%uðy; tÞ ¼ uðFðyÞ; tÞ for yAB
þ
d ð0Þ;
uðFðy0;yNÞ; tÞ for yABd ð0Þ:
(
ð3:5Þ
Then it holds
%ut ¼
PN
i;j¼1
aijðyÞ
@2 %u
@yi@yj
þPN
j¼1
bj ðyÞ
@ %u
@yj
þ %up in Bdð0Þ  ð0; TÞ;
@ %u
@yN
ðy0; 0Þ ¼ 0 on Bdð0Þ-fyN ¼ 0g:
8>><
>>:
ð3:6Þ
Furthermore, the following is shown in [13]:
(i)
aijðyÞ ¼ dij þ 2cijð0ÞjyN j þ aijðyÞ;
bj ðyÞ ¼ djNDcð0Þ sgnðyNÞ þ bjðyÞ
with
jaijðyÞjpK1jyj2 and jbjðyÞjpK1jyj in Bdð0Þ
with some K140; where
cijð0Þ ¼
@2c
@xi@xj
ð0Þ for 1pi; jpN  1;
ciNð0Þ ¼ cNjð0Þ ¼ 0 for 1pi; jpN:
8><
>:
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(ii) bNðyÞ
@ %u
@yN
ðyÞ is Lipschitz continuous in Bdð0Þ (or see [12]).
Putting
%vnðz; tÞ ¼ ðT  tnÞ1=ðp1ÞM1=pn
 %uðan þ ðT  tnÞ1=2Mðp1Þ=ð2pÞn z; tn þ ðT  tnÞMðp1Þ=pn tÞ;
%vn satisﬁes
%vnt ¼
XN
i;j¼1
aijðan þ ðT  tnÞ1=2Mðp1Þ=ð2pÞn zÞ
@2 %vn
@zi@zj
þ ðT  tnÞ1=2Mðp1Þ=ð2pÞn
XN
j¼1
bj ðan þ ðT  tnÞ1=2Mðp1Þ=ð2pÞn zÞ
@ %vn
@zj
þ %vpn: ð3:7Þ
Then %vn converges to some %v in C
2;1
locðRN  ðN; 0Þ as n-N taking a subsequence if
necessary, and it holds
%vt ¼ D%v þ %vp in RN  ðN; 0
by (i) and (ii). Therefore, we get a contradiction in the same way as in the
case of aAO: This completes the proof of (3.1). The similar argument to the above
implies (3.2). &
We call aA %O a blowup point of u if there are ftngCð0; TÞ and fangC %O with tn-T
and an-a as n-N such that uðan; tnÞ-N as n-N:
Theorem 3.2. Let ðN  2ÞpoN þ 2 and suppose that Theorem A is valid
without assumption (1.4) for solutions in LNðRN  ðN; 0ÞÞ: Let the origin 0
be in %O and the outward unit normal vector be ð0;y; 0;1Þ at 0 if 0A@O:
If 0 is a blowup point of a solution u of (1.1) which exhibits type I blowup at
t ¼ T ; then
ðT  tÞ1=ðp1ÞuððT  tÞ1=2y; tÞ-k in LNlocðRNÞ as t-T ;
where
uðx; tÞ ¼ uðx; tÞ if 0AO;
%uðx; tÞ if 0A@O
(
with the function %u defined by (3.5).
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We remark that the similar result holds for general blowup points in %O by
appropriate transformation of O: This result can be shown by the same argument as
in the proof of Theorem 1.1 in [9] using the above Theorem 3.1, so we omit the proof.
4. Equivalent condition to type I blowup
The purpose of this section is to show the following result.
Theorem 4.1. Assume that ðN  2ÞpoN þ 2 and that Theorem A is valid without
assumption (1.4) for solutions in LNðRN  ðN; 0ÞÞ: Let u be a solution of (1.1)
blowing up at t ¼ T : Then the followings are equivalent:
(i) the blowup of u is of type I.
(ii) For small e40 there is Ce40 such that
jut  upj ¼ jDujpeup þ Ce in %O ð0; TÞ:
Proof. We prove only assertion (i) ) (ii) since the converse implication is obtained
similarly to [11].
Assuming that statement (ii) is not valid, there are e040; ftngCð0; TÞ; fangC %O
such that
jDuðan; tnÞjXe0uðan; tnÞp þ n for all n: ð4:1Þ
If tnpT0 for all n with some T0oT ; then
e0uðan; tnÞp þ npjDuðan; tnÞjpK1 for all n
with some K140: This contradiction implies tn-T as n-N:
We may assume, without loss of generality, that an-a as n-N for some aA %O:
Then a is a blowup point of u: Otherwise, there are d1; K240 such that jDuðx; tÞjpK2
in Bd1ðaÞ  ½0; TÞ by the parabolic regularity theory and hence we get a contradiction
similarly to the above.
Since u exhibits type I blowup, fðT  tnÞ1=ðp1Þuðan; tnÞg is convergent taking a
subsequence if necessary. In the case that ðT  tnÞ1=ðp1Þuðan; tnÞ-k0 as n-N for
some k040; it follows from (4.1) that
jDuðtnÞjNX jDuðan; tnÞj
X e0uðan; tnÞp þ n
X e0
k0
2
 p
ðT  tnÞp=ðp1Þ
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for large n: This is a contradiction since ðT  tnÞp=ðp1ÞjDuðtnÞjN-0 as n-N by
Theorem 3.1.
We next consider the case that ðT  tnÞ1=ðp1Þuðan; tnÞ-0 as n-N: Since a is a
blowup point of u; we see ðT  tÞ1=ðp1Þuða; tÞ-k as t-T by Theorem 3.2, so for any
small g40 and k0Að0; kÞ there is d240 such that
g1=ðp1Þuðx; T  gÞX3kþ k0
4
in Bd2ðaÞ:
Since an-a as n-N; there exists n1ðgÞ such that
g1=ðp1Þuðan; T  gÞXkþ k0
2
for nXn1ðgÞ:
Since ðT  tnÞ1=ðp1Þuðan; tnÞ-0 as n-N; there is n2ðgÞXn1ðgÞ such that
ðT  tnÞ1=ðp1Þuðan; tnÞok0
2
and T  gotn for nXn2ðgÞ:
Thus for each nXn2ðgÞ there exists tnAðT  g; tnÞ such that ðT  tnÞ1=ðp1Þuðan; tnÞ ¼
k0: Since g40 is arbitrary, there is fsng with snptn for all n and sn-T as n-N such
that ðT  snÞ1=ðp1Þuðan; snÞ ¼ k0 for all n by choosing a subsequence.
Putting
vnðz; tÞ ¼ ðT  snÞ1=ðp1Þuðan þ ðT  snÞ1=2z; sn þ ðT  snÞtÞ
in On  ðan; 1Þ; where On ¼ ðT  snÞ1=2ðO anÞ and an ¼ ðT  snÞ1sn; vn satisﬁes
(1.1) in On  ðan; 1Þ: Moreover we have
jDvnð0; tÞjpe0
2
vnð0; tÞp in ½0; 1Þ for all n ð4:2Þ
by Lemma 4.1 which is stated and proved below. Putting tn ¼ tn  sn
T  sn; we see
tnA½0; 1Þ and hence it follows from (4.2) that
jDuðan; tnÞjpe0
2
uðan; tnÞp:
This contradicts (4.1). Therefore the proof is complete. &
In what follows, we show Lemma 4.1 used in the proof of Theorem 4.1.
Lemma 4.1. For vn in the proof of Theorem 4.1, the following holds:
(i) For any e; g40;
jvnðz; 0Þ  k0j þ jrvnðz; 0Þj þ jDvnðz; 0Þjoe in Bgð0Þ-On
for large n:
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(ii) For any e40; there exists d40 such that
jvnðz; tÞ  vðtÞj þ jrvnðz; tÞj þ jDvnðz; tÞjoe
in ðBdð0Þ-OnÞ  ½0; 1Þ for large n; where
vðtÞ ¼ k k
k0
 p1
t
 !1=ðp1Þ
:
In order to prove this lemma, we prepare two results which were obtained in [7].
For xA@O; let kðxÞ be the principal curvature of @O at x: For each K40; denote by
DK the class of smoothly bounded domains O in RN satisfying jkðxÞjpK for all
xA@O:
Proposition 4.1. There exists C ¼ Cðs0; KÞ40 such that
Z N
s0
e
s
2
Z
@ObðsÞ
rðyÞjy  njjyj dy dspC: ð4:3Þ
for any bA %O and OADK : Furthermore there holds
lim
s-N
sup
bA@O
Z N
s
e
t
2
Z
@ObðtÞ
rðyÞjy  njjyj dy dt ¼ 0: ð4:4Þ
This result was stated as Lemma 2.3 of [7]. It is immediate that the case of bA@O is
essential. Then we may assume, without loss of generality, that the origin is on @O
and that there is a smooth function j on a ball BCRN1 such that
O ¼ fðx0; xNÞ : xN4jðx0Þ for x0ABg
near the origin in RN by the smoothness of @O: The result was shown by calculation
of jy  nj using the function j; which includes the dependence of the constant C in
(4.3) on K :
Proposition 4.2. Suppose that ðN  2ÞpoN þ 2: Let u be a solution of (1.1) blowing
up at t ¼ T : For bA %O and 0otpT ; denote by wb the solution of (1.6) defined by (1.5)
with T replaced by t: Assume that jwbðsÞjN is uniformly bounded in ½st;NÞ: Then there
exists s40 for which the following holds: If
(i) E½wbðstÞos;
(ii)
RN
st
es=2
R
@ObðsÞ fjrwj
2 þ w2 þ wpþ1gr jy  njjyj dy dsos;
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then there are C; d40 depending on juð0ÞjC1ð %OÞ; t and s such that
juðx; tÞjpC in ðBdðbÞ- %OÞ  t
2
; t
 
:
Furthermore, the constants s; C; d depends only on K for OADK :
In the case of the Cauchy problem or the Cauchy–Dirichlet problem in a convex
domain, it was shown in [5] that if the energy E½wbðstÞ is small, then the solution u is
bounded in a neighborhood of b for tA½t=2; tÞ; so b is not a blowup point of u:
However, we need an additional hypothesis (ii) to deal with the boundary-integral
terms in the case of the Cauchy–Neumann problem. This proposition can be
obtained by the same method as in the proof of Theorem 6.1 in [7], so we omit the
proof.
Proof of Lemma 4.1. We ﬁrst have vnð0; 0Þ ¼ k0 and
jvnðz; 0Þ  vnð0; 0ÞjpðT  snÞ
1
p1þ
1
2gjruðsnÞjN;
rvnðz; 0Þ ¼ ðT  snÞ
1
p1þ
1
2ruðan þ ðT  snÞ1=2z; snÞ;
Dvnðz; 0Þ ¼ ðT  snÞ
1
p1þ1Duðan þ ðT  snÞ1=2z; snÞ
in Bgð0Þ-On: Since sn-T as n-N; we get the ﬁrst assertion by Theorem 3.1.
We next prove the second statement. Let wn be the function deﬁned by (1.5) with
u ¼ vn; T ¼ 1; b ¼ 0 and O ¼ On; i.e.,
wnðy; sÞ ¼ ð1 tÞ1=ðp1Þvnðz; tÞ
with
y ¼ ð1 tÞ1=2z; and s ¼ logð1 tÞ:
It follows from (i) that
E½wnð0Þp 1
p  1 k
2
0 for large n: ð4:5Þ
Since the blowup of u is of type I, there exists K040 such that
jvnðtÞjNpK0ð1 tÞ1=ðp1Þ in ðan; 1Þ ð4:6Þ
for all n and hence
jwnðsÞjNpK0 in ½0;NÞ for all n: ð4:7Þ
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Then there is K140 such that
jrwnðsÞjNpK1 in ½0;NÞ for all n ð4:8Þ
by the parabolic regularity theory.
Take R40: In the case that distðan; @OÞXRðT  snÞ1=2 for inﬁnitely many n; which
are denoted by n for simplicity, we see
exp jyj
2
8
 !
pexp R
2
8
 
for yA@On for all n:
Thus it follows from (4.3), (4.7) and (4.8) that
Z N
0
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy ds
pK2 exp R
2
8
 
ð4:9Þ
for all n with some K240: Since Proposition 4.2 can be applied by (4.5) and (4.9) if
k0 and R are taken suitably small and large, respectively, there are d1; K340 such
that
jvnðz; tÞjpK3 in Bd1ð0Þ-On
  1
2
; 1
 
for large n:
By the parabolic regularity argument, there exists K440 such that
jvnðz; tÞj þ jrvnðz; tÞ þ jDvnðz; tÞjpK4
in ðBd1=2ð0Þ-OnÞ  ½3=4; 1Þ for large n: By statement (i) and the classical estimate for
the heat ﬂow, for any e40 it holds
jvnðz; tÞ  vðtÞj þ jrvnðz; tÞj þ jDvnðz; tÞjoe
in ðBd1=4ð0Þ-OnÞ  ½0; 1Þ for large n:
We next consider the case that distðan; @OÞoRðT  snÞ1=2 for inﬁnitely many n;
which are denoted by n for simplicity. By statement (i), for any e40 it holds
jvnðz; 0Þ  k0j þ jrvnðz; 0Þjoe in B2Rð0Þ-On for large n: ð4:10Þ
For each n; let xA@O with jan  xjpRðT  snÞ1=2 and put
v˜nðz; tÞ ¼ ðT  snÞ1=ðp1Þuðxþ ðT  snÞ1=2z; sn þ ðT  snÞtÞ
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in *On  ðan; 1Þ; where *On ¼ ðT  snÞ1=2ðO xÞ: Then v˜n satisﬁes (1.1) and
v˜nðz; tÞ ¼ vnððT  snÞ1=2ðx anÞ þ z; tÞ
in *On  ðan; 1Þ: Letting w˜n be deﬁned by (1.5) with u ¼ v˜n; T ¼ 1; O ¼ *On and
b ¼ 0; i.e.,
w˜nðy; sÞ ¼ ð1 tÞ1=ðp1Þv˜nðð1 tÞ1=2y; 1 esÞ;
it follows from (4.10) that
jw˜nðy; 0Þ  k0j þ jrw˜nðy; 0Þjoe in BRð0Þ- *On for large n:
This implies
E½w˜nð0Þp 1
p  1k
2
0os for large n ð4:11Þ
if k0 is taken suitably small, where s is the constant in Proposition 4.2. Now there is
fsng with sn-N as n-N such that ð *OnÞ0ðsÞ ¼ Oxðsn þ sÞ in ½0;NÞ for large n:
Therefore we get Z N
0
es=2
Z
@ð *OnÞ0ðsÞ
rðyÞjy  njjyj dy ds
¼ esn=2
Z N
sn
et=2
Z
@OxðtÞ
rðyÞjy  njjyj dy dt
-0 as n-N ð4:12Þ
by (4.4). Thus it follows from (4.7) and (4.8) thatZ N
0
es=2
Z
@ð *OnÞ0ðsÞ
fjrw˜nj2 þ w˜2n þ w˜pþ1n gr
jy  nj
jyj dy dsos ð4:13Þ
for large n: Applying Proposition 4.2 to v˜n by (4.11) and (4.13), there are K5; d240
such that
jv˜nðz; tÞjpK5 in ðBd2ð0Þ- *OnÞ  ð12; 1Þ
for all xA@O with jan  xjpRðT  snÞ1=2 and large n: Consequently, we have
jvnðz; tÞjpK5 in ðDn-BRð0ÞÞ  ð12; 1Þ
for large n; where Dn ¼ fzAOn : distðz; @OnÞpd2g: Then it holds
jrvnðz; tÞjpK6 in ðDn-BRð0ÞÞ  ð12; 1Þ
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for large n with some K640: These yield
jwnðy; sÞj þ jrwnðy; sÞjpK6es=ðp1Þ
in ð@ðOnÞ0ðsÞ-BRes=2ð0ÞÞ  ½log 2;NÞ for large n and henceZ N
s1
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ w2n þ wpþ1n Þgr
jy  nj
jyj dy dso
s
2
ð4:14Þ
for large n with some s140: Indeed, there exists K740 such that for s140
Z N
s1
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy ds
¼
Z N
s1
es=2
Z
@ðOnÞ0ðsÞ-BRð0Þ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy ds
þ
Z N
s1
es=2
Z
@ðOnÞ0ðsÞ\BRð0Þ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy ds
pK7 es1=ðp1Þ þ exp R
2
8
  
ð4:15Þ
for large n by (4.3). Choosing s1 and R suitably large, we get (4.14). We also have
Z s1
0
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy ds
ovðt1Þ2 þ vðt1Þpþ1 þ s
4
þ K8 exp R
2
8
 
for large n with some K840 from (i) dividing into two integral terms as in (4.15),
where t1 ¼ 1 es1 : Thus it holds
Z s1
0
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ w2n þ wpþ1n gr
jy  nj
jyj dy dso
s
2
for large n if k0 and R are suitably small and large, respectively. This inequality
together with (4.14) implies
Z N
0
es=2
Z
@ðOnÞ0ðsÞ
1
2
jrwnj2 þ w2n þ wpþ1n
 
r
jy  nj
jyj dy dsos
for large n: Therefore the proof can be complete by the same argument as in the ﬁrst
case. &
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5. Continuity of blowup time
We prove the following result in the present section.
Theorem 5.1. Let ðN  2ÞpoN þ 2 and u0n-u0 in H1ðOÞ-LNðOÞ as n-N: Denote
by un; u and Tn; T the solutions of (1.1) with initial data u0n; u0 and their blowup time,
respectively. If the blowup of u is of type I, then Tn-T as n-N:
Proof. We suppose that there exist d40 and funjgCfung such that Tnj4T þ d for all
j: Denote by fung the subsequence funjg for simplicity. We may assume without loss
of generality that the Lebesgue measure of O equals 1. Deﬁne the energy
corresponding to (1.1) by
EðuÞ ¼ 1
2
Z
O
jruj2 dx  1
p þ 1
Z
O
upþ1 dx:
Since u exhibits type I blowup, for 0oeo 1
4ðpþ1Þ there is Ce40 such that
jDuðx; tÞjpeuðx; tÞp þ Ce in %O ð0; TÞ
by Theorem 4.1. Thus multiplying (1.1) by u and integrating over O yields
EðuðtÞÞp 1
p þ 1
e
2
 Z
O
uðtÞpþ1 dx þ Ce
2
Z
O
uðtÞpþ1 dx
 1=ðpþ1Þ
ð5:1Þ
by Jensen’s inequality. Putting MðtÞ ¼ RO uðtÞpþ1 dx; there is K040 such that
MðtÞX k
2
 pþ1
K0ðT  tÞ
N
2
pþ1
p1 for t close to T
by Theorems 3.1 and 3.2, so MðtÞ-N as t-T from ðN  2ÞpoN þ 2: This
together with (5.1) implies
EðuðtÞÞp 1
p þ 1 e
 
MðtÞ for t close to T : ð5:2Þ
Choose g40 so that
M1=2g þ
ðp þ 1Þðpþ1Þ=2
2ðp1Þ=2ðp  1Þ2 M
ðp1Þ=4
g o
d
2
;
where Mg ¼ MðT  gÞ: Then it follows from (5.2) that
EðunðtÞÞpEðunðT  gÞÞp 1
2ðp þ 1ÞMgo0 ð5:3Þ
in ½T  g; TnÞ for large n since EðunðtÞÞ is nonincreasing with respect to t:
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On the other hand, multiplying (1.1) for un by un and integrating by parts yields
d
dt
Z
O
unðtÞ2dx ¼ 4EðunðtÞÞ þ 2ðp  1Þ
p þ 1
Z
O
unðtÞpþ1 dx ð5:4Þ
for all n: Then we get
d
dt
Z
O
unðtÞ2dxX 2
p þ 1 Mg in ½T  g; TnÞ
for large n from (5.3). Integrating this inequality in ðT  g; T  gþ M1=2g Þ; it holdsZ
O
unðT  gþ M1=2g Þ2dxX
2
p þ 1 M
1=2
g ð5:5Þ
for large n: Since
d
dt
Z
O
unðtÞ2dxX 4EðunðtÞÞ þ 2ðp  1Þ
p þ 1
Z
O
unðtÞ2dx
 ðpþ1Þ=2
by (5.4) and Jensen’s inequality, we have
d
dt
Z
O
unðtÞ2dxX2ðp  1Þ
p þ 1
Z
O
unðtÞ2dx
 ðpþ1Þ=2
in ½T  g; TnÞ
for large n from (5.3). Integrating this inequality in ðT  gþ M1=2g ; tÞ for each
tA½T  gþ M1=2g ; TnÞ and letting t-Tn; we obtain
TnpT  gþ M1=2g þ
ðp þ 1Þðpþ1Þ=2
2ðp1Þ=2ðp  1Þ2 M
ðp1Þ=4
g
by (5.5). This implies
TnpT þ d
2
for large n
by the choice of g: This contradiction implies lim supn-N TnpT : On the other hand,
it is immediate that lim infn-N TnXT by the local well-posedness of the Cauchy–
Neumann problem. These inequalities complete the proof. &
6. Stability of type I blowup
We start this section by the following result. It can be shown by the same
argument as in the proof of Theorem 3.1, so we omit the proof.
ARTICLE IN PRESS
N. Mizoguchi / J. Differential Equations 193 (2003) 212–238228
Proposition 6.1. Assume that ðN  2ÞpoN þ 2 and that Theorem A is valid without
assumption (1.4) for solutions in LNðRN  ðN; 0ÞÞ: Suppose that u0n-u0 in C2ð %OÞ
as n-N and denote by un; u and Tn; T the solutions of (1.1) with initial data u0n; u0
and their blowup time, respectively. Let sn; tnAð0; TnÞ with snotn; sn-T and tn-T as
n-N: If there exists C40 such that
junðtÞjNpCðtn  tÞ1=ðp1Þ in ð0; tnÞ for large n;
then it holds
ðtn  snÞ
1
p1þ
1
2 jrunðsnÞjN þ ðtn  snÞ
1
p1þ1 jDunðsnÞjN-0
as n-N:
Making use of this proposition, we show the following result.
Lemma 6.1. Assume that ðN  2ÞpoN þ 2 and that Theorem A is valid without
assumption (1.4) for solutions in LNðRN  ðN; 0ÞÞ: Let ul be the solution of (2.1)
blowing up at t ¼ Tl and suppose that
l0 
 inffl40 : ul exhibits type I blowupg40:
If for small e040 there is C040 such that
jDul0 jpe0upl0 þ C0 in %O ð0; Tl0Þ;
then it holds
jDuljpe0upl þ 2C0 in %O ð0; TlÞ
for lAðl0  g; l0Þ with some g40:
Proof. We ﬁrst remark that l0 is ﬁnite by Lemma 2.1. Supposing that the conclusion
is not valid, there are flngCð0; l0Þ with ln-l0 as n-N and fðan; tnÞgC %O ð0; TnÞ
such that
jDunðan; tnÞj  e0unðan; tnÞp ¼ 2C0 ð6:1Þ
and
jDunðx; tÞj  e0unðx; tÞpo2C0 in %O ð0; tn ð6:2Þ
for all n; where un ¼ uln and Tn ¼ Tln : Then we see tn-T0 
 Tl0 as n-N: Indeed,
for any small g40; unðT0  gÞ-u0ðT0  gÞ in C2ð %OÞ as n-N and hence
jDunðx; T0  gÞjpe0unðx; T0  gÞp þ 32 C0 in %O
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for large n: Thus it follows from (6.1) and (6.2) that T0  gotn for large n: Since
Tn-T0 as n-N by Theorems 4.1 and 5.1, we obtain tn-T0 as n-N:
We may assume, without loss of generality, that an-a as n-N for some aA %O:
Then a is a blowup point of u0 
 ul0 : In fact, Otherwise, there are K1; d140 such that
0pu0ðx; tÞ þ jDu0ðx; tÞjpK1 in ðBd1ðaÞ- %OÞ  ½0; T0Þ:
Since un-u0 in L
N
locð½0; T0Þ; C2ð %OÞÞ as n-N; for each t0oT0
0punðx; tÞp32 K1 in ðBd1ðaÞ- %OÞ  ½0; t0 for large n:
Let U be a solution of
Ut ¼ ð1þ e0ÞUp þ 2C0 and Uð0Þ ¼ 32 K1:
Since
untpð1þ e0Þupn þ 2C0 in %O ½0; tn
from (6.2), we get
unpUðt  t0Þ in ðBd1ðaÞ- %OÞ  ½t0; tn for large n
by the comparison theorem. Thus, denoting by S the blowup time of U ; there holds
tn  t0XS for large n:
Since tn-T0 as n-N; this is a contradiction by choosing t0 so that T0  t0oS: This
implies that a is a blowup point of u0:
Since tn-T0 and un-u0 in L
N
locð½0; T0Þ; C2ð %OÞÞ as n-N;
unðan; tÞ-u0ða; tÞ and T0  t
tn  t-1
locally uniformly in ½0; T0Þ as n-N: Hence taking a subsequence, there exists ft˜ng
with t˜notn for all n such that
t˜n-T0;
T0  t˜n
tn  t˜n-1 and
unðan; t˜nÞ
u0ða; t˜nÞ-1
as n-N: This and Theorem 3.2 yield
ðtn  t˜nÞ1=ðp1Þunðan; t˜nÞ
¼ tn  t˜n
T0  t˜n
 1=ðp1Þ
unðan; t˜nÞ
u0ða; t˜nÞ  ðT0  t˜nÞ
1=ðp1Þ
u0ða; t˜nÞ
-k as n-N:
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Since ðtn  tnÞ1=ðp1Þunðan; tnÞ ¼ 0 for all n; for any k0Að0; kÞ there is fsng with
snAðt˜n; tnÞ for all n and sn-T0 as n-N such that
ðtn  snÞ1=ðp1Þunðan; snÞ ¼ k0 for large n
by the continuity argument.
Putting
vnðz; tÞ ¼ ðtn  snÞ1=ðp1Þunðan þ ðtn  snÞ1=2z; sn þ ðtn  snÞtÞ
in On  ½an; 1; where On ¼ ðtn  snÞ1=2ðO anÞ and an ¼ ðtn  snÞ1sn; vn satisﬁes
(1.1) in On  ½an; 1: We get C140 such that
junðtÞjNpC1ðtn  tÞ1=ðp1Þ in ½0; tnÞ for all n
similarly to the proof of (ii) ) (i) in Theorem 4.1. Since Lemma 4.1(ii) is valid in
Bd2ð0Þ  ½0; 1 for some d240 by the same argument as in the proof of Lemma 4.1
using Proposition 6.1 instead of Theorem 3.1, it holds
jDvnð0; 1Þjpe0
2
vnð0; 1Þp for large n;
namely,
jDunðan; tnÞjpe0
2
unðan; tnÞp for large n:
This contradicts (6.1). The proof is complete. &
7. Proof of the main theorem
We start this section from the following result.
Proposition 7.1. Let w ¼ wb be a solution of (1.6) with respect to bA %O: Then it holds
for all s4sT :
(i)
d
ds
Z
ObðsÞ
wðsÞ2r dy ¼  4E½wðsÞ þ 2ðp  1Þ
p þ 1
Z
ObðsÞ
wðsÞpþ1r dy
þ es2
Z
@ObðsÞ
wðsÞ2r y  njyj ds;
(ii)
Z
ObðsÞ
wsðsÞ2r dy ¼  d
ds
E½wðsÞ þ es2
Z
@ObðsÞ
1
2
jrwj2 þ f ðwÞ
 
r
y  n
jyj ds:
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This was given in Lemma 2.1 of [7] by a straightforward calculation based on
multiplication of (1.6) by w and ws and integration by parts.
Lemma 7.1. Assume that ðN  2ÞpoN þ 2 and that Theorem A is valid without
assumption (1.4) for solutions in LNðRN  ðN; 0ÞÞ: Let l0 be defined in Lemma 6.1.
If l040; then the blowup of ul0 is of type I.
Proof. Since ul is nondecreasing with respect to l; we see TlpTl0 for l4l0: It also
holds lim infl-l0 TlXTl0 by the local well-posedness of the Cauchy–Neumann
problem. These imply Tl-Tl0 as lkl0: Thus it sufﬁces to show the existence of
C040 such that
julðtÞjNpC0ðTl  tÞ1=ðp1Þ in ð0; TlÞ ð7:1Þ
for all l4l0 close to l0 since ul is nondecreasing with respect to l:
On the contrary, assuming that (7.1) is not valid, there exists flng with lnkl0 as
n-N such that
Cn 
 sup
tA½0;TnÞ
ðTn  tÞ1=ðp1ÞjunðtÞjN-N as n-N;
where un ¼ uln and Tn ¼ Tln : Then it holds
junðtÞjNpCnðTn  tÞ1=ðp1Þ in ð0; TnÞ for all n: ð7:2Þ
For any n; choose ðan; tnÞA %O ð0; TnÞ such that
unðan; tnÞ ¼ Mn ¼ ðCn  1ÞðTn  tnÞ1=ðp1Þ;
where Mn ¼ junðtnÞjN: Then we remark that Tn  tn-0 as n-N since Cn-N as
n-N: Putting
vnðz; tÞ ¼ M1n unðan þ Mðp1Þ=2n z; tn þ Mðp1Þn tÞ ð7:3Þ
in On  ðan; ðCn  1Þp1Þ; where On ¼ Mðp1Þ=2n ðO anÞ and an ¼ Mp1n tn; vn
satisﬁes (1.1) in On  ðan; ðCn  1Þp1 with the Neumann boundary condition
and vnðz; 0Þp1 in %On: It follows from (7.2) that
jvnðtÞjNp
Cn
fðCn  1Þp1  tg1=ðp1Þ
in ðan; ðCn  1Þp1Þ: ð7:4Þ
In particular, it holds
jvnðtÞjNp1þ
1
Cn  1 in ðan; 0 for all n: ð7:5Þ
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We may assume, without loss of generality, that 0A %O and an-0 as n-N: In the
case of 0A@O; let %un and %vn be the functions deﬁned by (3.5) with u ¼ un and by (7.3)
with un replaced by %un; respectively. Deﬁne v

n by
vnðz; tÞ ¼
vnðz; tÞ if 0AO;
%vnðz; tÞ if 0A@O:
(
Then we have vn-v
 in C2;1locðRN  ðN; 0Þ as n-N for some v by (7.5) and the
parabolic regularity theory in the same way as in the proof of Theorem 3.1. It is
immediate that vð0; 0Þ ¼ 1;
vt ¼ Dv þ ðvÞp in RN  ðN; 0
and
jvðtÞjNp1 in RN  ðN; 0:
Thus we obtain
vðz; tÞ ¼ kðkp1  tÞ1=ðp1Þ in RN  ðN; 0 ð7:6Þ
by the hypothesis.
Fix t040 arbitrarily and let wn be deﬁned by (1.5) with u ¼ vn; T ¼ t0; O ¼ On
and b ¼ 0; i.e.,
wnðy; sÞ ¼ ðt0  tÞ1=ðp1Þvnððt0  tÞ1=2y; t0  esÞ:
Putting s0 ¼ log t0; it follows from (7.4) that
jvnðtÞjNpK0 and jrvnðtÞjNpK0 in ½0; t0
for large n for some K040 by the parabolic regularity argument. Thus it holds
jrwnðsÞj2N þ jwnðsÞjpþ1N pK0t
pþ1
p1
0 and jwnðsÞj2NpK0t
2
p1
0 ð7:7Þ
in ½s0;NÞ for large n:
Take R40: We ﬁrst consider the case that dist ðan; @OÞXRMðp1Þ=2n
for inﬁnitely many n; which are denoted by n for simplicity. Then there is K140
such that Z N
s0
es=2
Z
@ðOnÞ0ðsÞ
fjrwnj2 þ wpþ1n gr
jy  nj
jyj dy ds
pK1t
pþ1
p1
0 exp 
R2
8t0
 
ð7:8Þ
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and
Z N
s0
es=2
Z
@ðOnÞ0ðsÞ
w2nr
jy  nj
jyj dy dspK1t
2
p1
0 exp 
R2
8t0
 
ð7:9Þ
from (4.3) and (7.7).
Putting
gðsÞ ¼
Z
@ðOnÞ0ðsÞ
wnðsÞ2r dy þ
Z N
s
et=2
Z
@ðOnÞ0ðtÞ
wnðtÞ2r y  njyj dy dt
for sA½s0;NÞ; it holds
g0ðsÞ ¼ 4E½wnðsÞ þ 2ðp  1Þ
p þ 1
Z
@ðOnÞ0ðsÞ
wnðsÞpþ1r dy ð7:10Þ
by Proposition 7.1(i). Using (7.9) and Ho¨lder’s inequality, a straightforward
calculation yields
gðsÞðpþ1Þ=2pK2
Z
ðOnÞ0ðsÞ
wnðsÞpþ1r dy þ K2tðpþ1Þ=ðp1Þ0 exp 
ðp þ 1ÞR2
16t0
 
for all n with some K240 and henceZ
@ðOnÞ0ðsÞ
wnðsÞpþ1r dy
XK3gðsÞðpþ1Þ=2  tðpþ1Þ=ðp1Þ0 exp 
ðp þ 1ÞR2
16t0
 
ð7:11Þ
for large n with some K340: It follows from (7.10) and (7.11) that
g0ðsÞX  4E½wnðsÞ þ 2ðp  1ÞK3
p þ 1 gðsÞ
ðpþ1Þ=2
 2ðp  1Þ
p þ 1 t
ðpþ1Þ=ðp1Þ
0 exp 
ðp þ 1ÞR2
16t0
 
ð7:12Þ
for large n: On the other hand, we get
E½wnðsÞpE½wnðs0Þ þ
Z s
s0
et=2
Z
@ðOnÞ0ðtÞ
1
2
jrwnj2 þ jf ðwnÞj
 
r
jy  nj
jyj dy dt
pE½wnðs0Þ þ K1t
pþ1
p1
0 exp 
R2
8t0
 
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by (7.8) and Proposition 7.1(ii). It follows from this inequality and (7.12) that
g0ðsÞX2ðp  1ÞK3
p þ 1 gðsÞ
ðpþ1Þ=2  4E½wnðs0Þ  K4t
pþ1
p1
0 exp 
R2
8t0
 
ð7:13Þ
for large n with some K440: Since vn-v
 in C2;1locðRN  ðN; 0Þ as n-N; for
sufﬁciently small e40 we have
Z
ðOnÞ0ðs0Þ
jrwnðs0Þj2r dyoet
pþ1
p1
0
Z
ðOnÞ0ðs0Þ
r dy;
Z
ðOnÞ0ðs0Þ
wnðs0Þ2r dy  t
2
p1
0
Z
ðOnÞ0ðs0Þ
r dy

oet
2
p1
0
Z
ðOnÞ0ðs0Þ
r dy
and
Z
ðOnÞ0ðs0Þ
wnðs0Þpþ1r dy  t
pþ1
p1
0
Z
ðOnÞ0ðs0Þ
r dy

oet
pþ1
p1
0
Z
ðOnÞ0ðs0Þ
r dy
for large n using (7.7) and dividing these into integrals over ðOnÞ0ðs0Þ-Bt1=2
0
Rð0Þ and
over ðOnÞ0ðs0Þ\Bt1=2
0
Rð0Þ: Thus we obtain
E½wnðs0Þp 1
2ðp þ 1Þ t
pþ1
p1
0
Z
ðOnÞ0ðs0Þ
r dy ð7:14Þ
for large n if t040 is taken suitably large. It follows from (7.13) and (7.14) that
g0ðsÞX2ðp  1ÞK3
p þ 1 gðsÞ
ðpþ1Þ=2 in ðs0;NÞ
for large n if t0 and R40 are taken suitably large, which implies that gðsÞ blows up in
ﬁnite time. This is a contradiction.
We next consider the case that distðan; @OÞpRMðp1Þ=2n for inﬁnitely many n;
which are denoted by n for simplicity. Since vn-v
 in C2;1locðRN  ðN; 0Þ as n-N;
we see
jvnðz; 0Þ  1joe and jrvnðz; 0Þjoe in B2Rð0Þ-On ð7:15Þ
for large n: Take bnA@O with jan  bnj ¼ distðan; @OÞ for n and put
v˜nðz; tÞ ¼ M1n unðbn þ Mðp1Þ=2n z; tn þ Mðp1Þn tÞ
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in *On  ðan; ðCn  1Þp1; where *On ¼ Mðp1Þ=2n ðO bnÞ; v˜n satisﬁes (1.1) in *On 
ðan; ðCn  1Þp1 and
v˜nðz; tÞ ¼ vnðMðp1Þ=2n ðbn  anÞ þ z; tÞ ð7:16Þ
in *On  ðan; ðCn  1Þp1: Letting w˜n be deﬁned by (1.5) with u ¼ v˜n; T ¼ t0; O ¼
*On and b ¼ 0; i.e.,
w˜nðy; sÞ ¼ ðt0  tÞ1=ðp1Þv˜nððt0  tÞ1=2y; t0  esÞ
in ð *OnÞ0ðsÞ  ½s0;NÞ; it follows from (7.15) and (7.16) that for sufﬁciently small
e40
jw˜nðy; s0Þ  t1=ðp1Þ0 joet1=ðp1Þ0 and jrw˜nðy; s0Þjoetðpþ1Þ=2ðp1Þ0 ð7:17Þ
in Bt1=2
0
R
ð0Þ-ð *OnÞ0ðs0Þ for large n: Therefore we obtain
Z
ð *OnÞ0ðs0Þ
jrw˜nðs0Þj2r dyo2etðpþ1Þ=ðp1Þ0
Z
ð *OnÞ0ðs0Þ
r dy;
Z
ð *OnÞ0ðs0Þ
w˜nðs0Þ2r dy  t2=ðp1Þ0
Z
ð *OnÞ0ðs0Þ
r dy

o2et2=ðp1Þ0
Z
ð *OnÞ0ðs0Þ
r dy
and
Z
ð *OnÞ0ðs0Þ
w˜nðs0Þpþ1r dy  tðpþ1Þ=ðp1Þ0
Z
ð *OnÞ0ðs0Þ
r dy

o2etðpþ1Þ=ðp1Þ0
Z
ð *OnÞ0ðs0Þ
r dy
for large n if R is taken suitably large. Thus it holds
E½w˜nðs0Þo 1
2ðp þ 1Þ t
ðpþ1Þ=ðp1Þ
0
Z
ð *OnÞ0ðs0Þ
r dy ð7:18Þ
for large n if t040 and R are chosen suitably large in the same way as (7.14).
On the other hand, there is fsng with sn-N as n-N such that ð *OnÞ0ðsÞ ¼
Obnðsn þ sÞ in ½s0;NÞ for large n: Thus it follows from (7.7) thatZ N
s0
es=2
Z
@ð *OnÞ0ðsÞ
fjrw˜nj2 þ w˜2n þ w˜pþ1n gr
jy  nj
jyj dy ds
petðpþ1Þ=ðp1Þ0 ð7:19Þ
ARTICLE IN PRESS
N. Mizoguchi / J. Differential Equations 193 (2003) 212–238236
for large n similarly to (4.12). Putting
g˜ðsÞ ¼
Z
@ð *OnÞ0ðsÞ
w˜nðsÞ2r dy þ
Z N
s0
es=2
Z
@ð *OnÞ0ðsÞ
w˜nðsÞ2r y  njyj dy ds;
we get a contradiction from (7.18) and (7.19) by the same argument as in the above.
This completes the proof. &
We are now in a position to prove the main theorem.
Proof of Theorem 1.1. On the contrary, we assume that there exists a solution u of
(1.1) whose blowup is not of type I. Since uðx; tÞ is a positive function in C2ð %OÞ for
t40; we put fðxÞ ¼ uðx; t0Þ in %O for some small t040 and let ul be a solution of (2.1)
for lX1: Then we have l040; where l0 is deﬁned in Lemma 6.1. By Lemma 7.1, ul0
exhibits type I blowup, and hence the blowup of ul is type I for lol0 close to l0
from Theorem 4.1 and Lemma 6.1. This contradicts the deﬁnition of l0: Therefore
the proof is complete. &
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